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Abstract 

Let Q be a connected and simply connected domain on the Riemann sphere, not coinciding 
with the Riemann sphere and with the whole complex plane C. Then, according to the 
; Riemann Theorem, there exists a conformal bijection between Q and the exterior of the 
unit disk. In this paper we find an explicit form of this map for a broad class of domains 
CS| ■ with analytic boundaries. 
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1. Introduction. 

Let Q be a connected and simply connected domain on the Riemann sphere, not coinciding 
with the Riemann sphere and with the whole complex plane C. Then, according to Riemann 

B 



Theorem, there exists a conformal bijection between Q and the exterior of the unit disk 
U = {u G C||u| > 1}. In this paper we find an explicit form of this map for a broad class of 
domains with analytic boundaries. 

Without loss of generally it is possible to assume that oo G Q — dQ and G Q a , where 
■ Q = C — (Q U dQ) and dQ is the boundary of Q. Let H be the set of all such domains. 
The harmonic moments 

t = — [ dxdy, t k = -\ [ z~ k dxdy (k = 1,2...) (1.1) 

7T J TVK J 

Qo Q 

form a coordinate system t = (to, ti,t2, ■■■) on a considerable part of EI [ 2, 14 ]. Note that 
the evolution of Q Q as to ^ and ti = const for % > 1 describes the evolution of a gas 
bubble surrounded by luquid [1]. 

Let Q l G H be the domain corresponding to t. The conditions d z WQt(oo) G M, d z WQt(oo) 
> uniquely define the conformal bijection from Q* to U: 

oo 

w(z,t) =w Q t(z) =p(t)z + J2Pj( t ) z ~ J , p(t)eR,p(t)>0. (1.2) 

j=0 

Typeset by Aj^S-T^i 
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Our goal is to represent Pj(t) as a Taylor series in t and t. 
Put 

"^e^-Et* (l3) 

fc^sl fc^l 

In §1 we reproduce, following [ 3,15,16 ], an important result [ 4 ]: the Riemann maps 
have a potential F : HI — > C (termed the tau- function of the curves in [11]) such that 

w(z,t) = zexp((~d%-d D(z))F(t)) (1.4) 
and, moreover, F satisfies the differential equations 

(a _ = ze W _ Ce -5o^«)F ) (L5(a)) 

( f _ ^(Wf)^ = W - (L5(b)) 

1 _ e -D(z)D(OF = } =e d (d +D(z)+D(O)F ^ (1.5(c)) 

z£ 

This system of nonlinear differential equations is well known in mathematical physics 
and in theory of integrable systems as the dispersionless limit of the 2D Toda hierarchy [ 5 

1. The solution F(t) satisfies some additional equation, and it appears in string theory as 
the "string solution" [ 6 ]. The string solution of the dispersionless limit of the 2D Toda 
hierarchy appears also in matrix models and in some other problems of mathematical physics 
[ 7,14 ]. Thus, a description of it has an independent interest. 

In §2 we find, following [ 8 ], recursive formulas for coefficients of the Taylor series for the 
potential 

F = ^JV(i|i 1 ...,i fc |i 1 ...J fc )4t il ...*i fc * ;i ...*i JE . (1.6) 

These formulas together with (1.4) allow one to find the Riemann maps via harmonic mo- 
ments of the domains. 

In §3 we find, following [ 9 ] , a sufficient condition for the convergence of the Taylor series 
(1-6). 

I acknowledge useful discussions with S. P. Novikov, A. Marshakov, A. Zabrodin. The 
work was partially supported by the grants RFBR 02-01-22004a and INTAS-00-0259. The 
final of this paper was written during the author stay at Max-Planck- Institut fur Mathematik 
in Bonn. I should like to thank this institution for its support and hospitality. 

2. The potential for Riemann maps. 

The bijection w : Q — > U generates the Dirichlet Green function on Q x Q, 



G Q (*,£) = log 



w(z) - iw(f) 



w(z)w(£) - 1 
It solves the Dirichlet problem in Q: the formula 



(2.1) 



u{z) = ~<f u (Od n G Q (z,0\dt;\ (2.2) 

271 JdQ 
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restores a harmonic function from its boundary values u$ = u\qe>. Here d n denotes the 
derivative along the internal normal to the boundary dQ with respect to the second variable, 
and \d£\ is an infinitesimal element of length along dQ. 

The Dirichlet Green function is uniquely determined by the following properties [ 10 ]. 



Gq(z, £) is symmetric and harmonic in both arguments except the line z = £ 

everywhere in Q, where Gq(z, £) = log \z — £| + 0(1) as z — > £; (2.3(a)) 



Gq(z, £) = if both variables z, £ belong to the boundary. 



(2.3(b)) 



Denote by M z the set of all domains Q E HI containing z. The infinitesimal shift of 
the boundary dQ = {£} on — ^d n GQ(z,^) (e — > 0) generates a vector field 5 Z on H 2 . In 
particulary, 

5z{tk) = ~^£ Q rk{ ^ dnGQ{z ' 0mi = T {h>0) S s (to) = l. (2.4) 



Thus, for any functional X : M z — > C, we have 



(2.5) 



where V(z) = <9 + + D(z). 

Put vo = - f log \z\dxdy and vi- = - f z h dxdy for fc > 0. 

Theorem 2.1. [4,11,16]. TTie function F(t) = -J // log | 77 1 — 1/ 1 \dx rj dy v dx u dy u 

VoQ* 

(where Q l = C — Q f ) satisfies the equations (1.4) and (1.5). Moreover, dkF = vu- 
Proof: It follows from (2.2) and from the definition of <5 2 that the function 



<5q(z,£) = log 



1 1 



satisfies (2.3). Thus, Gq(z^) = Gq(z,£). Using (2.1) and (2.5), we find that 



log 



w(z) — w(£) 



log 



1 1 



+ -V(z)V(0F 



w(z)w(£) - 1 

This equation implies equations (1.4) and (1.5). Indeed, it implies 



h = lot 



w(z) - w(C) 



w(z)w(£) - 1 



-log 



1 1 



-V(z)V(OF = 0. 



(2.6) 



(2.7) 



(2.8) 
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Furthermore, we have h = h\ + hi where 



is a holomorphic function of z while 

is an antiholomorphic function of z. Thus, hi is independent of z. Passing on to the limit 
as z — > oo, we obtain 

*> = "* (^j) - ^ (4) " 5* VK)F - (2 ' n) 

Thus, 

log ( HWz^g ™«> ) = DizM0 F. (2.12) 

v z-i w(z)w(i)-ij 

Passing on to the limit as £ — > oo in (2.12), we obtain log (^fy ) = D(z)d F. Substituting 

(1.2) in (2.7) and passing on to the limit as z — > oo,£ — > oo, we obtain log(p) = — ^OqF. 
The comparison of these formulas yields 

log (^-) = D(z)d F + ld 2 F, (2.13) 
\w(z)J 2 

which is equivalent to (1.4). 

Using (2.13), we transform the holomorphic parts of (2.12) into 

log ( »"|:^ ) = -\elF + D (,) DK )F. (2.14) 

Substituting (1.4) into (2.14) leads to (1.5(a)). Changing (z,£) to (z,£) in the proof we 
obtain (1.5(6)). 

The antiholomorphic part of (2.12) is 



-W-^Mt) =Di ' )Di&F - (2 ' 16) 



After substituting (1.4) into (2.15) we obtain (1.5(c)). 
Moreover, if z e dQ, then 



Uz)F = 5 Z F = -- [ logli/" 1 - z- 1 \dvdv = v + 2R e y"^z- k 

TV J k 

k>i 



Q%{t) 

Thus, d k F = v k . □ 
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3. The Taylor series for the potential. 

In this section we find, following [ 8 ], recursive formulas for the coefficients iV of the 
Taylor series F = N(i\ii...,ik\ii...,ik)tbU 1 ■ ■ ■ t^t^ ■ • ■ for the potential F. 

The formulas for iV are found according to the following scheme. At first, using some 
combinatorial calculations, we transform Equation (1.5(a)) into an infinite system of equa- 
tions 



= E 

m=l 



E 



d h d i2 ■ --d^F = 



siH hs m =iiH Mfc 

h-\ h£ m =m+k-2 



Si • • -s r 



dfcd Bl F...dfrd Bm F 



(3.1) 



/ 



During this process we find some recursive formulas for T. 

Then, using the definition of F as a function on the space of analytic curves, we find that 

9qF \t = —to + to Into + const and d k F \ to = 0, if k > 0, 
where here and later | to means the restriction of a function to the straight line t\ = t\ = 
t 2 = t 2 = ■ ■ ■ = 0. 

Because of this formula and from Equation (1.5(c)) it follows that 



d i d j F \t = 



0, if j, 



it l , if i = j . 

Later, using (3.1) and the symmetry of the equations (1.5) we find, that 



did h 



d ik F 



t — ' "®ikF lt=o 



0, if %\ H V ik ^ i, 



11 tir k+1 , ifii + 



(i-fe+l)!"0 



+ ik 



This condition and Equation (3.1) give some recursive formulas for the coefficients N. As 
the final result we get 

Theorem 3.1. Suppose the formal series (1.6) satisfies in its domain of convergence 
Equations (1.4) and (1.5). Then it has the form, up to a linear summand, 



F = \tl log« - 3 -tl + 



E 



. . . i 



0<ii <---<ik 
0<h<---<i k 
i-(nH hn fc +niH hn 5 )+2>0 



n 1 \...n k \ n^.-.n^. 



■m 



Tli, 



ik 



n, 



ni 



,i-(niH h^fe+niH \-n k -)+2 ni 

l l h ■ 



ik ii " " " i k 



where the coefficients N 2 can be found by the following recursive rules: 
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1) Pi,j(s 1 ,...,s rn ) = # {(ii,...,i m ) \i = h-\ \-i m , 1 < V < s r - 1}, where #V is 

the cardinality of the set V; 



2)Tl j (s 1 ,...,s m ) 

E 

niH \-n k =m 

n r 1 



/ 



1 p. . 

kn 1 \...nk\ l 'J 



\ 



Si + 



'ni , 



• , SniH hn fe _! + l + h S ni . 



ni 



Si, . . . , s r 

\ <>1 , • • • ) "Ti 



u>/iere s = s; H h s_,- — ifc, / = — 1) H h (lj — 1) ; 

Si , . . . , s m 

L 5 • • • i lm 



5 S{— 1, S, + 
7 ^« — 1 5 + 1? 



/ 



E 



(si-ni-/i+l)!(/i-l)! 



X • • • X 



(s m -iy. 

( s rrt ^m"l"l)!(^m 1)' 



{^,...,^i}u...u{^,...,I^}={i lv ..,i s } 



i r -\ H r r =s r 

s r — n r —£ r -\-l^}0 



4) Nl(i ll ...,i k \i 1 ,...,i k ) = 0, i/i/iH h i fc or i ^ i x + 

in the other cases 



(i-fe+1)! 



; Nl(i u ...,i k \i) = { y k ^ iy _ ; 



N}{i u . ..,i k \h, ...,i k ) 



E ("l) m+1 S: 



SiH hSm=*lH Mk 

iiH \-l m =m+k— 2 



Si, 
«1, 



. . , / r 



k,k> 1 ; 



= AT? 



ni, 



Zl , . . . , %\ , . . . , i k , . . . , % k 



\ 



nfc 



21, . . . ,H, 



T 2 I Si, 

ii,-,ifc I f l9 




. □ 



, if 
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The theorem follows from the lemmas below. 
Lemma 3.1. The following relations hold 



z-J2 -z~ J d 1 d J F = ze~ doD ^F 



i=i 3 

°° (_-[\m+l • 

ldj F= £ LJ__ E 

m=1 fcl + • • • + k m = j + 1 

hi > 

Proof: According to (1.5(a)), (z-Oe D{z)D{i)F = (z-^(l+(D(z)D^)F)mD(z)D(C)F) 2 +^ 

oo oo 

...) = (*- 0(1 + z-^^dlF + z- 1 £ H-ldidjF + r 1 E h-idtfjF + z~ 2 r 2 f) = 

3=2 3=2 
oo oo 

(z-o + r 1 d 2 1 F-z- 1 d 2 1 F+ e k-^i^F- e i^a 1 a JJ p + ^- 1 r 1 /- 

On the other hand, according to (1.5(a)) the function (z — £ > )e D ^ D ^> F is a sum of two 

oo 

functions f^z) + J 2 (0- Th us, / = and ze -^ D ^ F = z _ £ X z - j didjF. Therefore, 

3 = 1 ° 

Y Iz-U+D^Q F = i _ e -doD( z) F = 1 _f 1+ y (-d D(z)Fr = 

j = l J m=l 



m—l k—1 

OO / ^ \ jjj oo ^ 



m=l n=l A;iH \-k rn =n 



OO OO / ^ \ ^ 

-E-"(E^. E sn^A^w) 



n=l m=l fciH hfc m =n 



Thus, 



7 w = - E K -± E ^: 9 ' A ' F ' ' ■ 9A »™ 

J m=l fc 1 + ...+fc m =,-+i m 

Lemma 3.2. TTie following relation holds 

oo 

m=1 si + • • • + s m = j + 1 
Si > 1 



S.NATANZON 

(_l)m+l {j 



m (si - 1) • • • (s m - 1) 



Py(si - 1, s m - 1) • dxds^F-- ■ d 1 d Sm - 1 F, 



where Pij{s\ — 1, s m — 1) is the number of representations of the form {i = + - • ■ + i m 
ik ^ s k — 1) A; = 1, • • • , m} /or i/ie number i. 

Proof: According to Lemma 3.1 and Equation (1.5(a)), (z - £) e D{z)D ^ F = 

OO OO OO 



3 = 1 3 3=1 3 3=1 3 



Thus, 



e 



D(z)D(0 



OO _. 

= 1 + ^-^ ( E *- s r<)^ = 



J =1 J s + £ = j - 1 
s,t > 



oo 1 

= i + E-( E '-c^didjF. 

i= x s + t = j + 1 
s,t > 1 

Therefore, 

d W dk)f = 0_ (£( £ 2 -«r')iaAFr 

h* = n4 
s,t ^ 1 



m — ' A — ' n 

m=l n=l s + £ _ n + X 



°° / i\m+l 

= yiz±J — y ^r j - 

«H h «m = Z 

jl H jm = j 

ik,jk > 1 

that is 

(_l)m+l y - 



^f = e E 



m (si — 1) • • • (s m — 1) 
•Py(si -l,...,s m -l)d 1 d Sl - 1 F---did Sm - 1 F. □ 
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Remark. The equations 

(_l)m+l ij 



m (si — 1) • • • (s m — 1) 

m=l Sl + ---+s m =i+j v y v m y 



•Py (si - 1, s m - 1)<9i<9 Si _iF ■ ■ ■ d 1 d Sm - 1 F 



describe the dispersionless limit of the KP equation. Another description of this hierarchy is 
presented in [ 12 ]. A comparison of these descriptions gives some nontrivial combinatorial 
identity for Pij. 

Lemma 3.3. The following relation holds 



oo 

didjF= E — T lJ (p l ---p m )dod Pl F---d d Pm F, 

m=l Pl + ---+ Pm =j+i Pl ' " Pm 

where 

/ -j\ m + 1 

TijipL.-Pm) = E — k ni !-n fc ! P ^(Pl + ' ' ' + Pgi ~ 1, -, P gfc _ 1+ 1 + ••• + 

ni H hn fc =m 

ni > 

i 

Pq k ~ 1)> 3j = E n i- 

i=l 

Proof: According to Lemmas 3.1 and 3.2, 

(_l)m+l ij 



■d 1 d ai - 1 F...d 1 d am - 1 F)= e E 



m (si — 1) • • • (s m — 1) 

m=l Sl +-+s m =j+i V 1 y V m ' 



n 1 =l piH hp rai =si 



OO , n ni -(-l 1 

•p y ( ai - 1, • • • , Sm - 1) ( E E iz - 1 i ^^9 a pl F • • • a a Prii f) 

\ . . . Tli . pi • • • Pm 



(E E 1 ra pX a ° d *> F - d ° d -~ F > 



n m =l piH hp Wm = 



= E E U . ^-(Pi ■ ■ -Pm)dod pl F- ■ ■ a a Pm ™ 

m=lpi + ---+p m =j+i ^ " 

By induction, we get from Lemma 3.3 
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Lemma 3.4. The following relation holds 



d h d i2 ■■■d ik F = ( 

m=1 si H h s m = h H hifc 



4 H + £ m = m + /c-2 



1 "' lk \ £i • • • £ J 81 Sm J ' 



7',, ( *j 



/ =1 



1 £\ ■ • • £m J I otherwise 



rp I S\ S m 

1 il---ik \ . . . 



S,£ > 



E I Si--- Sj_i / S \ S j + i • • -S 



and s = Si + Sj + i H h — ife, £ = (4 - 1) H 1- (£j - !)•□ 



Define now the Cauchy data for F. 
Lemma 3.5. T7ie following relations hold 

doF\ to = —to + to Into + const and dkF\ to = for k > 0. 



Proof: If t\ = ti = ■ • • = 0, then Q* = {w G C| |w| < } and thus w(z, t)\ to 
Now it follows from Theorem 2.1 that 



-Rz = £q z. 



d F 



to 



— [ In \z\dxdy = — [ dr [ d<p • r ■ lnlrl 

7 K J J 







2-27T 

2tt 



i? 



y In |r|dr 2 = 2(r 2 lnr — J rdr) = 



2 i 2 

= r lnr 



« 1 . 

-2-r z 
o 2 



R 



= R 2 \nR 2 - R 2 = -t + t Into- 



9 fc F| to = i / = for jfe > 0. □ 
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Lemma 3.6. The following relations hold 

{ it l for i = j. 

Proof: It follows from Lemma 3.5 that 8 8kF\ t ^ = for k > and dQF\ to = m ^o- Thus, 

= t . 

to 

Moreover, according to (1.5(c)), 



1 _ e -D(z)D(i)F _ z -l^-l e do(do+D(z)+D(^)F 

and thus 

oo 

-D(z)D(OF\ t = ln(l - z-'t'to) = -£ for*r**5. 



fc=l 



Therefore, didjF\ = for i ^ j and #idi.F| = it l □. 
Lemma 3.7. TTie following relations hold 



didi, ■■■d i .F 



88 8 F\ -1°' lf * + + 
to ^"•^Ito ^* = * 1 + hi* 



Proof: The differentials d and 8 enter Equation (1.5) in a symmetric way. This gives the 
first equality. Moreover, according to Lemmas 3.3 and 3.4, we have 

d il d i ,---d ik F= l ^p^T il ... ik [ k '_ 1 )dt 1 d i F+ 



% \ ■ ■ ' l k rr { Si ■ ■ ■ S 



&1 *m V c l 



1 in 



+ E( E 

m ~ 2 si H h s m = zi H h ifc 

£i H £ m = m + - 2 

s j > tj i& 1 

m_/ si H h s m = %\ H h i k 

i\ H £ m = m + £; - 2 

S j , t j ^ 1 



12 S.NATANZON 



-dfrd ai F-~d&"d Sm F), 



where % = i\ + • • • + %\~. This equality and Lemmas 3.5 and 3.6 together give the second 
equality in the assertion of Lemma 3.7. □ 
Lemma 3.8. The following relation holds 



di 1 ---d ik d ll ---\F 



^2 Ni(ii ■ ■ ■ i k \h • ■ • ik)t l (fc+fc)+2 , where Ni(ii ••• ik\h ••• ik) = 



t 



k k _ 

if i — (k + k) + 2 < 0, ij ^ i or ij ^ i. In opposite case, Ni(ii • • ■ |ii, • • • i^) 

oo 

= J2{ Yl h---ikik---i- k - 

171=1 si H hs m = ziH h4 

£i H £ m = m + - 2 

s j , £j ^ 1 



si • • • s m 



)> 



<j, /'si---s m \ y> v-^ (si-l)!---(s m -l)! 



ll - l ~ k \h---imJ " ^ , ^ ( Sl -iV 1 + l-£ 1 )!---( Sm -n m + l-0! 

ni H \-n m = k 

Si - n % + 1 - ii ^ 

and i/ie second summation is carried over all partitions of the set {zi,...,i^} mto subsets 
{iii -»Jn } (P = !j -> m ) such that E J'S = V U 

a=l 

Proof: According to Lemma 3.4, 

oo 

m_1 si H \-s m = z 1 -\ Vik 

t\ H + 4» = m + fc-2 

s j , £j ^ 1 

• . . , fe ( * ; ; ; £ ) ^ a si f . . . ^» a. m f\) = 



oo 

E(E( E 



Sl • • • s m 

m_1 si H h s m = ii H h 

+ £ m = m + /c-2 

Sj , ij ^ 1 



% \' ' ' % k rp I Sf-S m 



e 1 ---e r 
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■^d sl Bj i ...Bl i F...dtd Sm B^...Bl m F 

where the first summation is carried over all partitions of i k } into subsets {{j}, j* 1 )...(jj n , 

j™ )}. According to Lemma 3.7, this gives the assertion of Lemma 3.8 □. 
Lemma 3.8 yields 

Lemma 3.9 The following relation holds 



F=i*5log«o-|(2 + 



E E 

i\ < • ■ • < ik n i' n 3~ 1 



1 



ii...ik 

1 V j I 

ni! • • -nfclni! • • -n k \ \ni...nu 



-Ni 



H...i- k 
n x ...n- k 



h k 

ME ^i+E "0+2 

. i=l i=l mi 

' r r ii 



where 



N 



ii...i k 
n 1 ...n k 



ni...% 



= 0, 



k k k k 

if i ~~ ( n i + ^i) + 2 < 0, i 7^ Y n jij or i ^ Y %*j> an d 

i=l i=l j=l j=l 



Ni 



( i\...ik ii---h ^ at ( i- - - - - - s 

( , * J = N i (i 1 ...i 1 i 2 ...i 2 ...i k ...i k i 1 ...i 1 i 2 ...i 2 ...ifc...ifc), 

\ r (-1 . . . ii k . . . iii. / 



otherwise; here in the last parentheses each ij (respectively, each ij ) occurs nj (respectively, 
flj) times. 

Theorem 3.1 is equivalent to Lemma 3.9. 

Using the algorithm of the present paper, Yu. Klimov and A. Korzh created a computer 
program for calculating the coefficients of the Taylor series F. 

4. Convergence conditions of the Taylor series for the potential. 

The combinatorial coefficients Nf(...) have some remarkable properties. For example, 

Theorem 4.1. Nf ( 1 ) _ ( « " ** = n > = 1 - « = 

\ni---n fc m J {0 otherwise. 

Proof. According to our definition, 

1, . . . , 1 ( r / 

'1 j • • • i l m 



E 



(ai-l)l 



{^,...,i^}u...u{^,...,C-}= 
={!,...,!} 



(si-m-Zi + l)!(Zi-l)! 



x • • • x 
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(s m -l)l x x k\ 

x ' ' ' x 7 ~t 7777 77 = °£i , 1 • • • , 1 

\S m Ti m l m -\- lj.(t m lj. Si . . . 

Thus if fc > 2, then 

AA/(n,...,z fe |l,...,l) = 



E (-ir +1 ^,..,i(;;; 



SiH hSm=*iH hifc 

ZiH \-l m =m+k—2 



x T 

ii,...,ifc 



Si , . . . , S m 
Zl , . . . , l m 



Let now = 2 (zi, z 2 ^ 1). Then 



k 



, l r 



x 



E (-i) m+1 ^i,...,i( 



SiH hs m =ii+i2 



Si , . . . , S m \ 

i, i r 



"«1,*2 



v th2 / s l7 • • • ? s m 



1 

SiH \-s m =ii+i2 



m+1 ^2 /Si, . . . , S m 

Si . . . S m \ 5 ■ ■> L 



E (-ir +1 7-^ T < 



E (-D m+1 — kl — TU( Sl ,...,s m ) = 

*1 • • ■ *m 

SiH hs m =ii+i2 

/ 1 xm+i fe! 1 x 

^ s 1 ...s m ^ kn\\...n k \ 

SiH hs m =*l+i2 "lH Vn k =m 



/ \ 

Si + • • • + S ni , . . . , S ni _| |_ nfe _ 1 _|_i + • • • + S ni -| \. nk 

\ ' v ■ '/ 

\ ril n k / 
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E 



(-i) 



m+l 



k\ 



SlH hSm=*l+i2 

niH h"fe=m 



/cni! . . . n^! si . . . s r 



■x 



/ 



x R 



S\ -\- ■ ■ • -\- S ni , . . . , S ni -| |_ nfe _ 1 _|_i + • • • + ^niH hrife 



ni 



X 



E 



5^ P i , J (si,...,s fc )x 

(_l)m+l Jfet 



siH hs fc =ii+i 2 



n r ^l, niH h^fe="i 

*niH hn r _i+l "H ' ' ' "H ^niH \-n r —^r 



kn\\ . . . nfe! si . . . s r 



k\ 



-J Pi,j(h,---,h)x 



SlH hs fe =ii+i 2 



X 



n e 

s i H - * * * ~\~ s 71 r — s 7- 



n r !si ...v 



In addition, if s > 1, then 

(-i)" 



E 



SlH hs„=s 



n\si ...s n 

1 d s 



1 <9 S x ^ (-1) 
s! <9x s 



E 



n! 



x 2 x 3 



E^f- 1 ^ 1 --))' 



s! dx s ^ n! 



lx=0 



1 d 8 ^ (log(l -x)) n 
s\ dx s 



E 



n! 



1 (9 s 



(exp(log(l -*))-!) | x=0 



x-0 



Thus 



A^^ll,.^.,!) 

fc 



—r P l , j {si,...,s k )x 



SiH hs fc =ii+i 2 
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X 



n e 



(_l)«r 

n r \s\ . . . s r 



, 



since . . . , 1) =0. 

If fc = 1, then it follows from our definition that 



m 



2 / n 

ni 



1 

ni 



(i — 1)1, if n\ = 1, i = zi = ni, 
otherwise. 



□ 



If ti, U = for i > 2 , then <9Q is an ellipse. In this case Theorem 3.1 gives 

F = -3<° + 5 ( » log (dfe) + r4^ (|i1 ' 2 + 1% + 

This formula was obtained first in [ 4 ] by using formulas for conformal maps from an ellipse 
to the circle. 

The recursive formulas for coefficients of the Taylor series F give a possibility to estimate 
the coefficients and to find sufficient convergence conditions for F provided U^U = for 

i > n. 

Theorem 4.2. Let t = (t ,ti,ii,t2,i2, ...) be such that ti,ii = for i > n, < to < 1 and 
\ti\, < (4n 3 2 n e n )~ 1 . Then the series F(t) converges. 

The proof is based on a sequence of estimations of all values used in the definition of N 2 . 
Here are the estimates: 

Lemma 4.1. Let i + j = s 1 H hs m . Then P ij (s 1 ..., s m ) < min(C^7 1 , C™^ 1 ). 



Proof. 



Pj,i\Sl i ■ ■ ■ i Sm) — -Pi, j (fil j • • • j S m ) — ^{('li • ■ • j ^m) | i — 

= ii + h i m , 1 ^ ir ^ s r — 1} < 

«C . . . , = ii H 1- *m, 1 ^ir} = C™- 1 . □ 



Lemma 4.2. Leti + j = si H hs m . T%en 7^-(si, s m ) ^ ^n-, where £ = min(i, j) 



Proof. 



T^(si,...,s m ) =^(si,...,s m ) = 



1 



niH hn fe =m 



fcni! . . . nfc! 



x 



X P 



■i-J 



\ 



si H hs 

v 



ni 5 • 



j s niH hn fe _i + l + ' ' ' + S ni -| \- nk 



ni 
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E 



k-l 



niH \-n k =m 



/-UK — - 

kri\\ . . . n K ! 



m! 5x m i ^ 2 , ^ ni!...nfc! 

fc^l niH hn fc =m 



fc>l 



- \ ycKe x -i) k 



x=0 



x=0 



4m— 1 



1 <9 m 1 1 <9 m 1 Z' 

~~ mf <9:r m 7 ^ + ^ 1)1 1 ^=o ~~ ~^.dx m 1 ^ 1 ^=o ~~ m! ° 
Lemma 4.3. Let z'i H Mfc = «i H h s m and (£i — 1) H h (£ m — 1) = — 2. TTien 

*?....... (;;:::;:) • ■-^•^< . ^ / = ma * w . 

Proof. We use induction by k. If = 2, then 



Mi, • • 
U •• 


1 / »l,*2^ 61 '- 


jm — l 


jm-l(fc_ l)m^_2)! 




m! 



fc = 2 



Let > 2. Note firstly that if I = (h - 1) H + (Zj - 1), then 

/ 



E 



E ft - 1) + • ■ • + ((,/ - 1) 

l^t^j^m, j-i=d 



l^i^j^rn, j-i=d 



(fc-2)(d+l) 



(fc-2)(d+l) 



E (i*-i)(d+i) 



Thus 



/t-iz I "i? • • • j °m 

\ '1 ; • ■ • , (, m 



(fc-2)(d+l) 



x 



l^i^j^m 
s, 1>1 



X T 2 

^ - t 2l,...,lfe_l 



Si, . . . , Si — i, S, Sj-\-±, 
ll, . . . , /, + 1 1 



s, 
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jj-i j m _(j_i+i)+i_i^_2)m-0'-*+l)+l(fc_3)! 

^ ^kJV-i + W (m-U-i + l) + l)\ 

m-(j'-i) 



I m - 1 (k-2)\ sr^ I 



_(k-2y 

m—d 



= i m - \k-sy. y i - r - — — — ^ 



V 6 f fc oy 

fi._oV^j-lUI^-^!^ ; 



^ 2) ,g , r»- (t -2). £ 

m! Z^ c/!(m-(i)! v ; m! ^ m 

d=0 v 7 t=0,t=m-d 

= 1^-2)1 = p-'(t-iHt-2)i D 

m! m! 
Lemma 4.4. Let J = max(i r ) and 

{ii,...,I^}u : -u{I^,...,^}= 

={ii,— >*fi} 
(Zi-l)+-+(Z m -l)=fc-2 

77. ^ / 1 

(» m - 1)! 



x 



(s m -n m -lm + l)!(/ m - 1)! 



2%en4 i ... >is (m,fc) < m(fc-l)!C^C^. 
Proof. We use the equality 

EC- 1 - x • • • x C- m ^ 
Ini+I In m +I _|_ j 

riiH hro m =A;— m 

ml 



x • • • x — = 

7n m + J 



= C 



k — m 



I(k-m)+ml _ m ^ +m J 

which follows from [ 13 ]. Then 

Si. i- (m, k) = 



TOWARDS AN EFFECTIVISATION OF THE RIEMANN THEOREM 



19 



v ( Sl -1)! 

2^ ( ai _ ni _ Zl + !)!(/!_!)! x --" x 

{iJ,...,^}u...u{^,...,C-}= 

={h,—,in} 
(Ji-l)+-"+(«™-l)=fc-2 

s r =iJ.H M" r 

(Sm-l)! 



(*i — 1)! (s m -l)! 

> T TT X --- X 7^ ^T x 

_={ii,...,i s } 

(ai - wi)! 

+ 1 ! Zx-1)! 

(«i-l) + -+(/ m -l)=fe-2 
X 



(s m Ti m / m + l)!(/ m 1)! 

V x x 
^ (a 1 -n 1 )\ X 

{iJ,...,i"i}u : ..u{^,...,C-}= 

_ ={»l.---,«fc} 

Sr=^H M™ r ^n r ^l 

(c _ <n M ^-^ Sl-Wl ' " " Sm-ri m 

V*m ll "mJ- ~ 

2i + ---+Z m =A;-2 

V X X 

{ii,...,^}u...u{^„,... 1 i^}= 
_={h,- L -,ik} 

Sr=il-\ N" r >Hr>l 

x (gm ~ 1)! (^fc-2 _ 

_ r7 M hs m ) — ("lH hn m ) 

I I'm)- 



*i+-+is-* (si-m)! {s m -n m )\ " 

{iJ,...,i^}u...u{^,...,C-}= 
_ ={*i,- r ,ifi} 

X * * * X 



{ii,... I i7 1 }LJ-U 

u{iL.-.C m }= 

={/,...,/}, n r >l 
s r =i*H M™ r =In r 



(si-m)! (s m -%)! 
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Wb-a ^ ! (^i-l)! x ... x (In m -l)l 



r k -~ 2 - 



ni! . . .n m \ (Im - n\)\ (In m - n m )\ 

niH \-n m =k 

*-2 V- (Jni+7-1)! x __ x 



(ni + l)!(/ni + /-fii -1)! 

fi\-\ \-n m =k— m 

n r =n r — 1^0 

x (7n m +7-l)! = 

(n m + l)\(In m + I - h m - 1)! 

,fc-2 7ni+I-ni (7ni + 7)! 



(Jni + 7)(ni + 1) ni!(/m + J - ni)! 

niH hn m =A;— m 

7n m + 7-n m (7n m + 7)! 
x — — J. <^ 

(Ih m + I)(h m + 1) h m \{Ih m + I - n m )\ 



x • • • x 



Ifc-fc ^ _ In x + I In i +I Ih m + 1 m + 

ni-\ \-n m =k — m 



Lemma 4.5. JV i 1 (ii...,i fc |ii...,i j6 ) < (fc - l)!(fc - i)l e - r ( fc - 1 )2^~^2^. 
Proof. 



iV i 1 (ii,...,i fc |ii,...,i s ) = 

-T_ _ / ^1 ) • • • ? 

■■■,*£ I 7 1 7 
\ '1 j • • • 5 'r 



SiH hs m =ilH h«fe 

ZH hZm="i+fe— 2 



^ ml 

SiH hSm=*lH Hk 

il H hZ m =m+/c— 2 

X ^ (si-m-/i + l)!(Zi-l)! X "' X 

{il,...J™i}u...u{^,...,C-}= 
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X 



(sm-iy. 

(s m -n m -l m + l)!(Z m - 1)! 

jm-lg _ !)m-l( fc _ 2)1 



X 



X 



E 



(-1-1)1 



{iJ ) ...,^i}u...u{^,...,C-}= 

={*l. ■■■>«&} 
(«i-l) + -+(/ m -l)=fe-2 

77. <y- ^ / 'p 1 



(si-m-Zi + l)!(Zi-l)! 



x • • • x 



X 



(*»-!)! 



(s m ?i m / m -t- l)!(Z m 1)! 



= E 



/m-l( fc _ 1 )m-l( jfe _2)! 



m>l 



mi 



'H,...,lf. 



(m,k) ^ 



<E i-'(*-J(*-»)' ^ (ro , t)< 



E 



J m - 1 (fc-l) m (A;-2)! 



ml 



k — 2 f~tk—m 
Ik 



= (/,• !)!(/,• 1 )! ^ (A U r*-2 r«-», 



(m- 1)1 



^Tk-k U lk 



^ (fc-l)!(fc-l)!e J(fc - 1) 2 J ^-^2^ . □ 
Proof of Theorem 1^.2. The coefficient of t^'t™ 1 . . . t™ 7 ^ 1 ■ ■ - tj* is equal to 




nil .. .nil n\l . . .njl 1 




mi 



.n/! nil 



L^ k Ckl e hk-l) 2 2Ik . iK e IK 2 IK_ 



klkl 



.njl 



njlnil . . . njl 



mi 



< I K e IK 2 IK I K ^ (J 2 2V)* , 



2r,I T\K 
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where k = ri\ + h n/, = % + ••• + w/, K = k + k and / = max(I, I). 

Now consider monomials of degree K in to, £i> • • • , in, t n . The number of such mono- 
mial is (2n) . Thus, their sum in the series is at most 

(n 2 2 n e n ) K (2n) K (4n 3 2 n e n )- K ^ 2~ K . 

This implies the convergence of the series F(t). □ 
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